IndeX area, cont.

of hyperbolic triangle, 57, 57
of spherical triangle, 57
area theorem, 250

Bold page numbers indicate a page arithmetic group, 95, 104-106
where a term is defined, either formally
or informally. Page numbers in italics
indicate that the term is used in a theo-
rem, proposition, lemma, or corollary.

with compact quotient, 106
ASA (trigonometry), 48
Ascoli’s theorem, 131

atlas, 436
trivializing, 392
1/d-metric, 31, 33, 33-35 Aut C. 18. 19
< A > (subgroup generated by A), 59 AutD. 18. 19. 30-31

Am (cylinder), 124
Ao (punctured disc), 63
AAA (trigonometry), 48, 54

isometries of hyperbolic metric, 24
automorphism, 17

classifying Riemann surfaces, 17

Abelf 438 elliptic, 30-31
Abelian group, 430 hyperbolic, 30-31
ABGRPS (Abelian groups), 382 of complex plane, see Aut C

acceleration vector, 39 of M(X), 168-170

accessory parameter problem, 249 of Riemann sphere, see Aut P!

act, action, see group action . .
’ ) group of simply connected Riemann surfaces, 18

adjointness formula, 230 of unit disc. see Aut D
Ahlfors, Lars, 172, 297 parabolic, 30-31
Bers embedding open, 291 Aut PL. 19

Groétzsch’s theorem, 124

mapping theorem, 149

quasicircles, 176, 177, 178

Petersson-Weil metric Kahler, 329

Teichmiiller space, 162, 234, 262

see also Ahlfors-Weill theorem
Ahlfors-Weill section, 268, 286
Ahlfors-Weill theorem, 251, 251, 281, 291
Alexander duality, 180
almost-complex structure, 357, 355-358

Moébius transformations, 18

B (band model of hyperbolic plane), 25
B(p), see conformal barycenter
B,, (band), 124
Banach-Alaoglu theorem, 373
Banach analytic manifold, 197, 237, 262, 363,
359-370
analytic map, 359
calculus in, 362-364
AnoDS (modules over ring), 382 implicit function theorem, 362

i B h
analytic map between Banach spaces, anach space

360, 560, 359-362 analytic map, 359
calculus in, 362-364

implicit function theorem, 362

annularity, 136

annulus, 62
classification. 63. 62-69 of quadratic differential, 222

modulus of. 63. 336 inclusion between, 222-225
see also Q' (X), QF(X), Q> (X)
polynomial map between, 359

on torus, 67

ordinary Euclidean cylinder, 64
when closed subspace has closed

complement, 368, 367-370
band By, 124

anti-quasiconformal homeomorphism, 176
area

and Jacobian, 120

446
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band model B of hyperbolic plane, 25-30

Fuclidean and hyperbolic lengths same
on real axis, 25

geodesic, 26
BANMAN (Banach analytic manifolds), 165
Beauzamy, Bernard, 367
Beltrami equation, 149
dependence on parameters, 153-157
on Riemann surface, 157-170
Beltrami form
constant, 159

on quasiconformal surface,
236, 237, 237

analytic structure on space of, 237
on Riemann surface, 163
pullback, 161, 169
Bergman metric, 287
Bers coordinates, 329
Bers embedding V., 255, 264
open, 290-293, 291
Bers fiber space, 168, 285
Bers, Lipman
alternative to universal curve, 284
Bers embedding open, 291
holomorphic motion, 197
mapping theorem, 149
Teichmiiller space, 162, 234, 260-261, 262-263
Bers simultaneous uniformization theorem,
234
hyperbolization theorem, 234
no wandering domains theorem, 234
unnatural, 234
Beurling, A., 172
blow-up, 428
Bojarski, B., 149
Bosch, Hieronymus, 235
bounded Perron family, 4
bounded quadratic differential, 221
braid, braid group 428
branch point, 429
Brouwer invariance of domain theorem, 254
Brown, David, 234
Brownian motion, 48
bundle, 429
bundle map, 429

C, see complex plane C
C-antilinear map, 158
C-linear map, 158
C' piece of X with corners, 210
CH! functions

absolutely continuous, 119

composed with differentiable
functions, 123

Jacobian formula, 119, 120
CHY(U), 117
C*° functions dense in, 118
not closed under composition, 122
c1 (first Chern class), 393, 394
calculus in Banach spaces, 362-364
Calderén-Zygmund inequality, 156
canoeing
in Euclidean plane, 23
in hyperbolic plane, 23, 37, 48
canoeing theorem, 45
Caratheodory metric, 287
cardioid, 429
Cartan-Serre theorem, 402
Cartan’s formula, 337
category, 165
ABGRPS (Abelian groups), 382
AMODS (modules over ring), 382
FRSP (Fréchet spaces), 382
GROUPS (groups), 382
RINGS (ring), 382
SETS (sets and mappings), 165, 382
VECSP (vector spaces), 382
Cauchy integral formula, 361
Cauchy kernel, convolving with, 377
Cech cohomology, 385-389
Cech, E., 389
chain complex, 374-377, 385
chart, 436
Chern class, first, 394
Chirka, E. M., 194, 197
circle
Euclidean, 41
hyperbolic, 41, 41
Circle Limit IIT (Escher), 100-101
classifying map, 279
closed complement, 367-368
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closed form, 429, 432
cochain complex, 429
codimension, 430
codomain, 430
cofinal set, 430
cohomology, 430
and line bundles, 393
Cech, 385-389
de Rham, 432
sheaf, 388
singular, 430
cokernel, 430
collar, 90
around puncture, 94
collar function, 89-90
maximal, 91
collaring theorem, 91
compact perturbation, 371-381
complemented subspace, 368, 367-370
complex analysis, 359
complex analytic manifold, 436
complex dilatation, 430
complex manifold, 436
Kobayashi-hyperbolic, 287
complex plane C, 1
additive group, 20
no metric invariant under
automorphisms, 24

quotient by subgroups, 20
complex structure on manifold, 355-358
on surface, 162-170

complex structure on vector space, 353,
353, 353-355

complex vector space

isomorphic to anti-dual, 225
conformal barycenter, 185
conformal map, 431

defining nearly conformal, 112
conformal metric, 23, 24

curvature of, 31-37
congruence of triangles, 48
conjugacy class

and hyperbolic Riemann surface, 21

choice of, 22

conjugate Riemann surface, 225, 225

constant Beltrami form, 159, 160
pullback, 161

continued fraction, 106

convex core, 76

convex hull, 76, 76
important for Fuchsian and Kleinian

groups, 76

convex set, 76

coordinates
Fenchel-Nielsen, 323, 320-327
local, 436

natural, for holomorphic quadratic
differentials, 209

cosine law for hyperbolic triangles, 53, 54

critical leaf, 209
critical point, 350
when finitely many, 350
critical value, 350
cross-ratio, 19, 19
current, 407
derivative of, 408
of type (p,q), 410
curvature, 1, 29, 29, 50, 312, 431
geodesic, 37, 38, 40, 41
negative, 36-37

of conformal metric, 31-37

of holomorphic quadratic differential, 210

of standard models, 33
total, 39
curve, 431
rectifiable, 27, 439
cusp, 80, 431
cut-locus, 33, 34
cylinder A, 124

D, see unit disc D

d-operator, 297, 377-378, 433

dS (element of area), 57

ds (element of length), 57

de Giorgi, Ennio, 117

degree of mapping, 16, 119, 431
of proper function, 119

Dehn twist, 342, 342-348

density of form, 71

de Rham cohomology, 432

de Rham’s theorem, 395
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derivative
almost everywhere, 112

distributional partial, see distributional
partial derivative

of current, 408
Radon-Nicodym, 119
weak, 111

see also distributional partial
derivative

de Sitter space, 56, 431
devil’s staircase, 115, 116
differential equation in Banach spaces, 362
differential form, 431
closed, 432
exact, 432
Dirac mass, 432
Dirac measure, 210, 432
direct image operator, 232, 232
split surjection, bounded norm, 233
Dirichlet fundamental domain, 107
Dirichlet’s problem, 4
disc, see unit disc D
disc packing, 303
distance decreasing (contracting), 71
distribution, 407-409, 412
distributional partial derivative, 3637,
111, 432
term “weak” misleading, 111
Dolbeault-Grothendieck lemma, 396
Dolbeault resolution, 395-396
dominated convergence theorem, 312
Douady, Adrien, 149, 273, 359
Douady-Earle extension f7 187
naturality and other properties, 188
quasiconformal if f quasisymmetric, 190
Douady-Earle extension theorem, 184, 185
doubly infinite annulus, 63, 73
duality, 225
duality theorem, 229

E?1! 49

pseudo inner product, 49

spacetime with two spatial dimensions, 50

Earle, Clifford, 258
anti-quasiconformal reflection, 191
Bers embedding open, 291

Slodkowski’s theorem, 288

449

Teichmiiller space, 234, 263, 273, 290, 307

universal Teichmiiller curve, 317
Eells, James 234, 263, 273
Einsteinian metric, 56
elementary Fuchsian group, 59
element of area

ds, 57

|g| in natural coordinates, 210
element of length, 57
elliptic automorphism, 30, 30-31
elliptic Riemann surface, 21
equivariant Slodkowski’s theorem, 206
Escher, M. C., 100
Escher’s “Circle Limit 1117, 100-101
essential supremum (esssup), 163
Euclidean algorithm, 106
Euclidean circle, 41
Euclidean geometry, 48
Euler characteristic, 57, 212, 349

of cochain complex, 375, 375

of finite simplicial complex, 349

of manifold, 434

of topological space, 350
Euler-Lagrange equation, 359
Euler-Poincaré characteristic, 349
exact form, 432
exact sequence

Mayer-Vietoris, 2, 16, 180, 212, 352,

389, 416, 417
of sheaf, 391, 390-392
exhaustion

none for Whitehead continuum, 10
of Riemann surfaces, 10, 10
exterior derivative, 432
exterior power, 313
extremal length, 127
extremal map, 125, 207
for surfaces with punctures, 219

minimize deformation, 207

f, see Douady-Earle extension

Fenchel-Nielsen coordinates, 323, 320-327

Wolpert’s theorem, 333
Fermat’s last theorem, 102

fiber-homotopic map, 433
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final quadratic differential, 216
fine resolution (of sheaf), 394
fine sheaf, 394
finite simplicial complex, 349, 349
topological realization, 349
finite type (Riemann surface of), 21
Finsler manifold, 270
Finsler metric, 269, 270
first Chern class, 394
first kind of Fuchsian group, 88
fixed point
dense in limit set, 77
of automorphisms, 31
flag, 312
flag manifold, 312
foliation, 433
Ford fundamental domain, 102, 102, 103
for PSL2Z, 104, 104-106
form, see differential form
formal integrability of subbundle, 356
Fourier transform, 154-155
Fréchet algebra, 392
Fredholm index, 371
Fredholm operator, 371
free Abelian group, 433
free group, 433
Frenet frame, 312
osculating flag, 314
Frobenius theorem, 356, 356, 433
almost-complex structure, 357
FRrSp (Fréchet spaces), 382
FR-trivial cover, 398
Fubini’s theorem, 122
and averaging, 228
Fuchsian group, 21
approach to Teichmiiller theory, 22
classification, 59
convex hulls important, 76
elementary, 59
fundamental domains for, 95-110
infinite cyclic, 59
limit set of, 75, 76, 77
non-elementary, 78
of first kind, 88
of second kind, 88

Fuchsian group, cont.
torsion-free, 22, 62
function
Green’s, 14-15
harmonic, 3
holomorphic (Hartog’s theorem), 362
normalized if fix 1, ¢, —1, 190
subharmonic, 3
superharmonic, 3
upper-semicontinuous, 440
see also map
functor, 279
natural equivalences, 165
fundamental domain, 95, 95-110
Dirichlet, 107
Ford, 102, 102, 103
group presentation, 97, 109
Schottky group, 99, 99
fundamental group, 1, 2, 21

gap, 422, 422
gap sequence, 422
gap theorem, 422
Gardiner, F.; 307
Gauss, 23, 149, 152
differential equations, 249
Gauss-Bonnet formula, 57, 210
for quadratic differential, 212
Gauss-Bonnet theorem, 208, 303
Gaussian curvature, see curvature
general relativity, 56, 431
geodesic, 27, 40, 41, 302, 433
and minimal position, 73
band model, 26
convex set, 76
homotopic to simple closed curves, 73
length of related to modulus, 72
unit disc model, 28
on hyperbolic surface, 72-75
upper halfplane model, 27, 28

when unique on hyperbolic Riemann
surface, 73

geodesic boundary, 78
geodesic curvature, 37, 38, 38-39
curve with small average, 43, 45

danger of small average, 44
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geodesic curvature, cont.
measures deviation from geodesic, 38
geodesic metric space, 145
geodesic multicurve, 84
geodesic piece with corners, 210
Giraud, 379
global analysis, 359
Grassmanian manifold, 313, 353
Grauert, 406
Green’s function, 4, 14, 14, 15
Gromov, M., 145
Grothendieck, Alexander
cohomology, 385
Teichmiiller space, 162, 234, 263, 275, 276
Grotzsch, H., 124, 128
Grotzsch’s theorem, 124, 124-129
connects analysis to geometry, 124
group
arithmetic, 95, 104-106
Fuchsian, see Fuchsian group
Kleinian, 435
presentation, and fundamental domains, 97
Schottky, 62, 99, 99
triangle, 100
group action, 434
free, 434
stabilizer, 434
transitive, 434
linear representation, 434
group presentation, 97, 434
GROUPS (groups), 382

HY(U), 117
H, see hyperboloid model of hyperbolic plane
harmonic Beltrami form, 330
harmonic extension, 3, 5
harmonic function, 3, 5
harmonic measure, 187
Harnack’s principle, 4
Hartog’s theorem, 362
Hausdorff space, when o-compact, 339
Heinonen, J., 148
Hermitian inner product, 328
Hermitian metric, 328

Kahler, 328

hexagon, see hyperbolic hexagon
Hirzebruch-Riemann-Roch theorem, 382
Hodge theory, 275
Hoélder continuity, 133, 434
Hélder continuous map, 434
Lipschitz, 434
Holder norm, 378
Hoélder, Otto, 379
holomorphic function (Hartog’s theorem), 362
holomorphic motion, 195, 195
extension of, 197
horizontally analytic trivialization, 240
universal, 195
holomorphic quadratic differential, 207-233
curvature of, 210
dimension of, 208, 420
finite when X compact, 208
dual to infinitesimal Beltrami forms, 220
final, 216
Gauss-Bonnet formula, 212
geometry of, 208
global structure of, 213
Hilbert space Q2(X), 221, 328-332
inclusion, 222-225
initial, 216
integrable, 221
like lined paper, 209
model of, 211
natural coordinates for, 209
number of zeros of, 208
on Riemann surface, 207
homogeneous polynomial map, 359, 360
homology
different from fundamental group, 2
finite-dimensional, 351
homothety, 434
homothety class, 160, 435

homotopic, when equivalent to isotopic,
255, 258

I’Hopital’s rule, 314
horizontally analytic trivialization, 240,
240-245
horizontal trajectory, 209
closure, 216
horocycle, 41
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hyperbolic automorphism, 31, 30-31
hyperbolic circle, 41, 41
in upper halfplane model, Figure 2.3.3, 43
of small geodesic curvature, 43
properties (Exercise 2.3.8), 42
hyperbolic density, see density of form
hyperbolic distance, 27, 28-29, 69
hyperbolic geometry, 49
hyperbolic hexagon, 81
instructions for building, 81-83
hyperbolic manifold, noncompact, 80
hyperbolic metric, 23, 69, 69, 287
conformal, 23
contraction properties, 71
illustration, 24
infinitesimal, 23
invariant under automorphisms, 23
naturality, 70
near puncture (example), 70
of punctured disc, 222
same as Poincaré metric, 24
why 2 in formula, 29-30
hyperbolic plane
canoeing in, 37
interaction of geometry with topology
of Riemann surfaces, 59
models of
band model, 25-30
comparison of models (table), 29
disc model, 23-30
hyperboloid model, 49, 50, 50, 51
upper halfplane model, 25-30

hyperbolic Riemann surface, see Riemann
surface, hyperbolic

hyperbolic surface with geodesic boundary,
78

hyperbolic triangle

area, 57, 57

cosine law, 53, 54

sine law, 56

trigonometric formulas, 5257
hyperboloid model of hyperbolic plane,

50, 48-58
drawbacks, 49

isometry, 57

hyperboloid model, cont.

properties (exercises), 50

relating to other models, 51
hyperelliptic Riemann surface, 317, 427, 427
hypergeometric differential equation, 249, 249

I(X), see ideal boundary
ideal boundary, 87, 87-89
component need not be circle, 88
of family of Riemann surfaces, 2/4
of quasiconformal surface, 238
of Riemann surface, 87
ideal point of polygon, 96
ideal polygon, 96
implicit function theorem for Banach spaces,
362, 362
index of quasi-isomorphism, 371
index of zero of vector field, 435
infinite cyclic Fuchsian groups, 59
infinitesimal isometry, 435
infinitesimal metric, 23, 27
is positive definite quadratic form, 23
Kobayashi, 287, 289
initial quadratic differential, 216
integrability of subbundle, 356
integrable quadratic differentials Q1 (X), 221
integral norm, 117
invariance of domain theorem, 254
inverse limit, 9

isotopic, when equivalent to homotopic,
255, 258

Jacobian formula for map in CH, 119
area and, 120

Jacobian variety, 275

Jordan domain, 435

K-quasiarc, 175
K-quasicircle, 175
K-quasiconformal homeomorphism, 185
K-quasidisc, 175
k-current, see current
Kahler manifold, 222
Ké&hler metric, 328
Kleinian group, 21, 149
convex hull important, 76
limit set of, 76
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Kneser, H., 189 (footnote)

Kobayashi-hyperbolic complex manifold,
287, 288

Kobayashi metric, 287, 287-290
analytic automorphism is isometry, 307
Kobayashi norm, 287, 289
Koebe 1/4-theorem, 17, 66
Koebe function, 66
Korn, 149, 379
Koskela, P., 148
Kothe, Gottfried, 367
Kra, Irwin, 288, 290, 307, 317
Kuranishi, 149, 241, 263, 288, 290

A-lemma of Mane-Sad-Sullivan, 195
[P, noncomplemented when p # 2, 368
L*° Beltrami forms, 163
L(E,F) (C-linear maps E — F), 158
L.« (E, F) (C-antilinear maps E — F), 158
L-quasisymmetry, 145
labeled quasisymmetry, 145
Lakic, Nikola, 307
lambda lemma of Mafie-Sad-Sullivan, 195
Laplacian, 32, 36, 435
leaf, (trajectory), 209
critical, 209
Lehto, O., 149
length-area method, 64, 65, 127
lengths (Fenchel-Nielsen coordinates), 320
logarithms of are Lipschitz, 323
Leray cover, Leray’s cover theorem, 389
Leray exact sequence, 390, 391
Leray, J., 389
Levy, R., 403
I’Hopital’s rule, 314
Lichtenstein, Leon, 149, 379
Lie bracket, 435
Lie derivative, 337, 337
of 2-form, 338
Lie group, 306
light-like vector, 50
limit set, 76
of Fuchsian group, 75, 76, 77, 78
of Kleinian group, 76
linear map

quasi-epimorphism, 371

linear map, cont.
quasi-isomorphism, 371
quasi-monomorphism, 371
strict, 371

linear representation, 434

line bundle, 415419
and cohomology, 393

Liouville’s theorem, 1

local coordinates, 436

local degree
also called ramification index, 350
of analytic function, 350
of function, 435

locally finite cover, 340

lune, 57

M(S) (Beltrami forms on S), 237
how differs from M(X), 237
manifold, 436
flag, 312
Grassmanian, 313
map
C-antilinear, 158
C-linear, 158
conformal, 431
fiber-homotopic, 433
Hélder continuous, 434
see also function
mapping class group, 262
mapping theorem, 149, 149
Sobolev spaces, 117
when p real analytic, 151
marked point, 219
marking, 255, 308
Markovic, Vladimir, 307
maximal multicurve, 87
Wolpert’s theorem, 333
maximum principle, 3, 3, 17
Mayer-Vietoris exact sequences, 2, 16,
180, 212, 352, 389, 416, 417

MCG(S) (mapping class group), 262
McMullen, Curt, 258, 329
measurable quadratic differential, 230
Mercator projection

atlas conformal, 436
meromorphic function, 422-427, 437
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meromorphic quadratic differential, 219
on Riemann sphere, 208
metric
1/d, 31, 33, 33-35
Bergman, 287
conformal, 23, 31
Einsteinian, 56
Finsler, 269, 270
hyperbolic, 23, 69, 222
infinitesimal, 23, 27
infinitesimal Kobayashi, 287
infinitesimal Teichmiiller, 270
invariant, 24
Kobayashi, 287, 287-290
Petersson-Weil, 328, 328-332
pseudo-Riemannian, 439
Teichmiller, 255, 255, 270, 287, 328
metric space
geodesic, 145
minimal position (curves), 78, 75, 75
Mitra, Sudeb, 197
Moébius transformations, 17, 18, 192
modular form, 102
modular group PSL2Z, 102
Teichmiiller, 234
Moduli(S) (moduli space), 262
Moduli.(S), 302
compact, 303
moduli space, 262
modulus of annulus, 63, 64,148
finite, 73
Grotzsch’s theorem, 124
length of geodesic, 72
on torus, 67
subadditivity of annuli, 64
modulus of continuity, 129, 131, 133, 437
modulus of double cover, 130, 131, 132, 133
modulus of quadrilateral, 68
Montel’s theorem, 17
Morrey, C. B., 117, 149
o, 168
multicurve, 84
and finite-dimensional homology, 351
and trouser decomposition, 84—87

geodesic, 84

multicurve, cont.

maximal, 87

Mumford compactness theorem, 303, 302—-306

Riemann surfaces of finite type, 306

Nag, Subashis, 191, 291

negative curvature, 36-37

Nehari’s theorem, 250, 251

Nehari, Zeev, 250

Newlander-Nirenberg theorem, 149, 358

noncomplemented subspace, 363, 368, 367-370

non-elementary Fuchsian groups
limit set of, 78
norm
Holder, 378
integral, 117
on Q!(X) once differentiable, 308
normal family, 17, 437
normalized function, 190
no wandering domains theorem, 234
one-over-d metric (1/d-metric), 31, 33,
33-35
one-point compactification, 437
open cover
locally finite refinement, 340
operator
9, 297, 377-378, 433
direct image, 232, 232, 233
Fredholm, 371
osculating flag, 312, 313
analytic, 314

generalization of Frenet, 314

P!, see Riemann sphere

P(E), see projective space

(p,q,r) triangle, 100

paired polygon, 97, 103

pairing, 437

parabolic automorphism, 30, 30-31
parabolic Riemann surface, 21

partial differential equation

Perron’s solution to Dirichlet’s problem, 4

partition of unity, 341, 339-341, 437
constructing, 341, 341

passing to the double, 437

period mapping, 263, 437-438
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period matrix, 437438
Perron family, 4

Perron, Oskar, 4
Perron’s theorem, /4

proving Riemann surfaces second
countable, 7

Petersson-Weil inner product, 331
Petersson-Weil metric, 328, 328-332
Bers coordinates geodesic, 329
is Kéhler, 329
potential for, 330
Picard iteration, 362
piece with corners, 210
plane hyperbolic geometry, 23
canoeing in hyperbolic plane, 23
local model for hyperbolic geometry, 23
similar to spherical trigonometry, 23
plane Lobachevski geometry, 23
Pliicker embedding, 313
Poincaré conjecture, 2
Poincaré current resolution, 409
Poincaré dodecahedral space, 2
Poincaré duality, 409, 409-410
Poincaré, Henri, 2
Poincaré-Hopf index theorem, 187, 434
Poincaré metric, see hyperbolic metric

Poincaré operator, see direct image
operator

Poincaré polygon theorem, 97

Poincaré resolution, 395, 409

Poincaré’s lemma, 395

polar triangle, 55, 56

polygon, paired, 97

polynomial map between Banach spaces, 359
power series, 359

pre-dual, 220

different from dual in nonseparable
Banach spaces, 220

primitive curve, 72

principal value, 438

probability, 48

projective space, 313, 438

projective structure, 245, 246, 263, 329
projector, 439

proper function, proper map, 11, 119, 439

proper function, proper map, cont.
degree, 16, 119

pseudo-Riemannian metric, 439

PSL»2C, 19

PSL2R, 27, 57

PSL2Z, see modular group

puncture, 83

punctured disc, 63

punctured plane, 20

push forward, 185

Q(X), 220
Q(X, P), 219
QY(X), 221
adjointness formula, 230
norm once differentiable, 308
separable Banach space, 223
Q%(X), 221
QP(X), 222
Q> (X), 221, 225
adjointness formula, 230
duality theorem, 229
nonseparable Banach space, 223
lq| (element of area), 210
QC(S), 258
QCY(9), 258, 275, 276
quadratic differential, see bounded,

holomorphic, integrable, measurable,
meromorphic quadratic differential

quadrilateral (Q, I1, I2), 67
quasiarc, 175

quasicircle, 175, 177, 178, 192
quasiconformal constant, 112, 207

measures how close map is
to conformal, 112

quasiconformal dilatation, 112
quasiconformal homeomorphism, 118
group of, 258
quasiconformality
implies quasisymmetric, 136
quasiconformal map, 111-133
1-qc map is analytic, 115
analytic definitions, 112, 114
boundary values, 170-183
closed under compositions, 143

closed under inverses, 143
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quasiconformal map, cont.
equicontinuous, 129
geometric characterizations, 134-149
pullback of Beltrami form is analytic, 169
smooth yet rough, 111

quasiconformal norm, 112

quasiconformal reflection, 191-193

quasiconformal surface, 235, 235, 235,
235-239

Beltrami form on, 236

ideal boundary of, 238

noncompact, 235

uncountably many with same topological

type, 235

quasidisc, 175, 178
quasi-epimorphism, 371, 371, 372, 373
quasi-Fuchsian group, 294, 293-298
quasi-Fuchsian reciprocity theorem, 296
quasi-Fuchsian representation, 294
quasi-isomorphism, 371

also called Fredholm operator, 371

index of, 371
quasi-monomorphism, 371, 372, 373
quasireflection, 176, 176
quasisymmetric map, 134, 135, 136

of modulus M, 191
quasisymmetric structure, 239
quasisymmetry, 178, 183

implies quasiconformality, 136, 183

labeled, 145

Radon-Nicodym derivatives, 119
Rado’s theorem, 8, 11

not true in higher dimensions, 9
ramification, 439
ramification index (local degree), 350, 350
rational functions, 234
Rauch, 162, 263

reciprocity see quasi-Fuchsian reciprocity
theorem

rectifiable curve, 27, 439
reflection, 191, 192

reflection principle, 18
relatively compact subset, 439
relativity

general, and de Sitter space, 56

relativity, cont.
special, 50
removable singularity theorem, 18, 280
Rengel’s inequality, 68
reproducing formula, 250
for Q1, 228, 230
for Q°°, 226, 230
reproducing kernel, 226
retraction, 439
Riemann, 239

Riemann-Hurwitz formula, 130, 350,
349-352

Riemannian manifold, 306
Riemann map, 72, 440
Riemann-Roch theorem, 208
Riemann sphere, 1

no metric invariant under auto-

morphisms, 24

Riemann surface, 1

classification of, 1622

cohomology of, 2

conjugate, 225, 225

decomposed into trousers, 84, 84

elliptic, 21

exhaustion of, 10

fundamental groups, 2

hyperbolic, 20, 69

like torsion-free Fuchsian groups, 22
hyperelliptic, 427, 427
ideal boundaries of, 87

interaction of topology with geometry of
hyperbolic plane, 59

like lined paper locally, 209

of finite type, 21, 87, 222
parabolic, 21

plumbing parts model, 89
projective structure on, 245
second countable if connected, 8
simply connected, 1

universal covering space, 20, 20

universal curves, universal families, 164—-167,
168-170, 276-279

when annulus, 62
when isomorphic to C or D, 1
when isomorphic to Riemann sphere, 2

when Kobayashi-hyperbolic, 288
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Riesz perturbation theorem, 201, 201, 371 simplicial complex (finite), 349
RINGS (rings), 382 simply connected compact piece, 15
Rosay, Jean-Pierre, 194, 197 simultaneous uniformization, 234, 29/
Royden, Hal, 197, 290 sine law for hyperbolic triangles, 56
Royden’s theorem, 307, 315, 307-317, 328 singly infinite annulus, 63, 73

de Sitter space, 56, 431

skew, 134, 145-148

skew curve, 312

SL»oC, 19

SL2Z, 95

Slodkowski, Zbigniew, 197

Slodkowski’s theorem, 197, 197-207, 290
equivariant generalization of, 206
for finite sets, 197
generalizing, 204- 207, 206

Sard’s theorem, 11

SAS (trigonometry), 48, 54

Schottky group, 62, 99, 99

Schwartz perturbation theorem, 374

Schwarzian derivative, 247, 248, 245-254, 263
computing, 247, 250
small if analytic map injective, 250
standard definition, 247

Schwarzian differential equation, 248-250
injective solutions of, 250

Schwarz-Pick theorem, 27, 27 restatement, 288
smooth tubular neighborhood, 347, 347

SOt (E%1), 57
second cosine law, 54 SOt(Q,Z), 107

second countable, 6, 8, 339 Sobolev, Sergei, 117
Sobolev space, 117

Schwarz’s inequality, 65

Schwarz’s lemma, 27

does not imply o-compact, 340

1°° not, 339 CHY(U), 117, 118
Rado’s theorem, 8 HY(U), 117
separable Banach spaces are, 339 partial differential equation, 117

surface that is not, 6 space-like vector, 50

second kind of Fuchsian group, 88 spacetime, 50

section, 440 special theory of relativity, 50
of Teichmiiller curve, 317-320 spherical triangle, 55, 57
Serre duality, 407-408 spherical trigonometry, 55
and genus, 413-414 Spivak, M., 356
Serre duality theorem, 234, /12 split analytic submersion, 566
SETS (sets and mappings), 165, 382 split injection, 366
sheaf, 383, 382-385 split map, 363
alternative to sheaves, 207 split submersion, 266, 363, 367, 440
exact sequences, 391, 390-392 split surjection, 566, 440
examples, 383 SSS for hyperbolic hexagons, 81
fine, 394 stabilizer, 434
functors that aren’t, 384 strict linear map, 371
holomorphic quadratic differentials, 207 strong convergence, 154
locally constant, 383 subadditivity of moduli of annuli, 64
of analytic functions, 384 subcylinder, 64
of continuous functions, 383 subharmonic function, 3
sheaf cohomology, 388 easy to construct, 3

o-compact (sigma-compact), 339, 339 Perron’s theorem, 4
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subharmonic function, cont.
satisfies maximum principle, 3
submersion, 440
split, 266, 363
Sullivan, Dennis, 89

Sullivan’s no wandering domains
theorem, 234

superharmonic function, 3, 3

Ts, see Teichmiiller space
©-series, see direct image operator
Takhtajan, Leon, 329
tangent bundle, 237, 355, 440
Taylor polynomial, 38
what terms geometrically meaningful, 38
Taylor series, 359
Teichmiiller equivalence, 254, 254, 261
Teichmiiller mapping, 216, 216
extremal properties, 216-218
for marked points, 219
Teichmiiller marking, 255
when equivalent, 279
Teichmiiller metric, 255, 255, 270, 287, 328
Finsler metric induces, 270
Teichmiiller modular group, 234, 261, 262
Teichmiiller space, 235, 254, 255
analytic maps contract, 290
analytic structure of, 262—266
classifying map, 279
contractible, 273-274, 27/
cotangent space to, 267
different definitions (remark), 255
Fenchel-Nielsen coordinates, 320-327
finite-dimensional, 299, 299-300

as moduli space of compact complex
curve, 234

associated to Riemann surface
of finite type, 234

infinite-dimensional, 234

as moduli space of higher-dimensional
compact complex manifold, 234

associated to general Riemann surface, 234

Kobayashi metric on, 287-290
quotient of M(S), 257-260, 260
tangent space to, 266, 266273
universal property, 279

Teichmiiller’s theorem on contractibility, 301
Teichmiiller’s theorem on extremal maps, 216
tensor algebra, 158

test function, 150

Thurston, William, 1, 76, 89

Tietze extension theorem, 14

time-like vector, 50

topological characterization of rational
functions, 234

topological space
second countable, 339
o-compact, 339, 340
topology
of pointwise convergence, 373

of uniform convergence on compact
subsets, 437, 440

weak*, 373
Zariski, 385
Torelli’s theorem, 275
torsion, 312
torus, modulus of annulus on, 67
total curvature, 39
trajectory
horizontal, 209
vertical, 209
triangle
(p,gq,7), 100
congruent, 48
polar, 55, 56
spherical, 55
triangle group, 99-101
triangulation, existence of, 351
trigonometry for hyperbolic triangles, 52
trivialization of bundle, 429
trivializing atlas, 392
Tromba, Anthony, 329
trouser, 78, 78, 352
building block for hyperbolic surfaces, 78
building block for Riemann surfaces, 78
determined by boundary lengths, 81, 83
see also trouser decomposition
trouser decomposition, 84—-86
works if ideal boundary empty, 89
tubular neighborhood, 347
Tukia, 273
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twist
Dehn, 342, 342-348
Fenchel-Nielsen coordinates, 320, 32/

uniform convergence on compact subsets,
see topology

unit disc D, 1
automorphisms of, 30-31
constant curvature —1, 30
geometry, 23
hyperbolic metric, 23
illustration, 24
invariant under automorphisms, 23
invariant metrics, 24
unit disc model of hyperbolic plane
focuses on one point inside D, 29
geodesics, 28
universal covering space, 20, 20

universal curve, universal family, 164-167,
168-170, 239, 274-279, 431

construction of, 276

topologically trivial, 278
universal holomorphic motion, 195
universal properties

of Beltrami forms, 165-167, 166

of Teichmiiller space, 279, 279
universal Teichmiiller curve, 274-279,

Bers construction of, 286

sections of, 317-320

tangent space to, 280-284, 283

upper halfplane model of hyperbolic plane,
25-30

geodesics, 27, 28

upper-semicontinuous function, 440

VECSP (vector spaces), 382

versal deformation, 241

vertical trajectory, 209

vertical tubular neighborhood, 364
von Neumann, John, 58

Voronoi cellulation, 34

weak convergence, 150

weak* topology, 373

Weierstrass point, 317, 422, 424, 425-427
hyperelliptic, 427

Weierstrass weight, 424

Weil, André, 251, 328, 329, 395

Weil-Petersson metric, see Petersson-Weil
metric

Weyl’s lemma, 114, 115

Whitehead continuum, 10, 11

Wiles, Andrew, 102

Wolpert, Scott, 333

Wolpert’s theorem, 328, 333, 333-338
Wronskian, 249, 424, 425

Zariski topology, 385



