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SoLuTION 1.1.7. The
vector field in part a points up.
MiIDDLE: The vector field in part
b is rotation in the (z,y)-plane.
BorToM: The vector field in part
¢ spirals out in the (z,y)-plane.
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FIGURE FOR SOLUTION 1.1.1. From left: (a), (b), (c), and (d).

1.1.3 a. Ve R? b. L c R? c. CcR3 d. x e C?
e. BC B; C Bo,....
P
1 1 0
1 2 3
115 || =Y" & =2 o =X
1 n—1
1 n n—1
L n

1.1.7 Asshown in the figure in the margin, the vector field in part a points
straight up everywhere. Its length depends only on how far you are from
the z-axis, and it gets longer and longer the further you get from the z-axis;
it vanishes on the z-axis. The vector field in part b is simply rotation in
the (z,y)-plane, like (f) in Exercise 1.1.6. But the z-component is down
when z > 0 and up when z < 0. The vector field in part ¢ spirals out in
the (x,y)-plane, like (h) in Exercise 1.1.6. Again, the z-component is down
when z > 0 and up when z < 0.

1.1.9 The number 0 is in the set, since Re (w0) = 0. If @ and b are in the
set, then a+0 is also in the set, since Re (w(a+b)) = Re (wa)+Re (wb) = 0.
If a is in the set and c is a real number, then ca is in the set, since then
Re (wca) = cRe (wa) = 0. So the set is a subspace of C. The subspace is a
line in C with a polar angle 6 such that 6 + ¢ = kn/2, where @ is the polar
angle of w and k is an odd integer.

1.2.1 a. i.2x3 ii.2x2 idii.3x2 iv.3x4 v.3x3
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b. The matrices i and v can be multiplied on the right by the matrices

iii, iv, v; the matrices ii and iii on the right by the matrices i and ii.

1.2.3 a. m b. [6 16 2]
1.2.5 a. True: (AB)T =BTAT =BTA

b. True: (ATB)T =BT (AT)T =BTA=BTAT

c. False: (ATB)T =BT(AT)T = BTA+# BA

d. False: (AB)T =BTAT £ ATBT
1.2.7 The matrices a and d have no transposes here. The matrices b and

f are transposes of each other. The matrices ¢ and e are transposes of each
other.

L1 1 2
1.2.9 a.AT[O 0},5” 0 1
10
1 1]
b. (AB)T =BTAT =10 0
1 1]
T J1 1
e. AB)T=|F 0 M _ g 0
1 01 L1

d. The matrix multiplication AT BT is impossible.
1.2.11 The expressions b, ¢, d, f, g, and i make no sense.

1.2.13 The trivial case is when a = b = ¢ = d = 0; then obviously
ad — bc = 0 and the matrix is not invertible. Let us suppose d # 0. (If we
suppose that any other entry is nonzero, the proof would work the same

way.) If ad = be, then the first row is a multiple of the second: we can
b b
write a = %c and b = gd7 so the matrix is A = {dc dd}.
c d
To show that A is not invertible, we need to show that there is no matrix
a v 10
B = L, d’] such that AB = [0 1
AB is 1, then we have %(a'c + c/d) = 1, so the lower left corner, which is

}. But if the upper left corner of

a'c + c'd, cannot be 0.

Sox=—a, z=—c, and y = ac — b.
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Labeling for Solution 1.2.17

Part d: If you start at time 0
on black, you will be on black at
all even times, and on white at all
odd times, and there will be no
walks of odd length from a vertex
to itself.
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1.2.17 With the labeling shown in the margin, the adjacency matrices are

Lo 1o
a.  Ap=1[1 0 1 Ag =
110 01 0 1
1 010
2 1 1 2 3 3 6 5 5
b A2 =11 2 1| Ai=1|3 2 3| AL =|5 6 5
11 2 3 3 2 55 6
[10 11 11
Ay =11 10 11
|11 11 10
2 0 2 0 0 4 0 4 8 0 80
2 |0 2 0 2 3 |4 0 40 4+ |0 8 0 8
A5=12 0 2 0 As=10 4 0 4] = |8 0 8 0
[0 2 0 2 4 0 40 0 8 0 8
0 16 0 16
5 |16 0 16 0
A5=10 16 0 16
16 0 16 0

The diagonal entries of A™ are the number of walks we can take of length
n that take us back to our starting point.

c. Let A, be the matrix in the margin, so that (A,); ; is the number of
walks of length n from vertex i to vertex j. (There are only two numbers
by symmetry: there is nothing to distinguish one vertex from another and
nothing to distinguish one pair of vertices from another.) To compute a1
and b,11 we compute A, Ar = Ap11:

01 1

1 0 1

1 1 0
a, by, by 2b,, an +by, an+b, |’
b, ap, by a, + by 2b,, an + by,
b, b, a, an, +b, a,+0b, 2b,

SO Gpt1 = 2b, and b1 = ay, + by,

d. Color two opposite vertices of the square black and the other two
white. Every move takes you from a vertex to a vertex of the opposite

color.
e. Suppose such a coloring in black and white exists; then every walk

goes from black to white to black to white ... , in particular the (B, B) and
the (W, W) entries of A™ are 0 for all odd n, and the (B, W) and (W, B)
entries are 0 for all even n. Moreover, since the graph is connected, for any
pair of vertices there is a walk of some length m joining them, and then



Solution 1.2.19, part b: There
are three ways to go from V; to an
adjacent vertex Vj; and back again
in three steps: go, return, stay; go,
stay, return; and stay, go, return.
Each vertex V; has three adjacent
vertices that can play the role of
V;. That brings us to nine. The
couch potato itinerary “stay, stay,
stay” brings us to 10.

B?=

Solution 1.2.21, part b: The
first column of an adjacency ma-
trix corresponds to vertex 1, the
second to vertex 2, and so on, and
the same for the rows. If the ma-
trix is upper triangle, for example,

1 110
0 01 0
00 1 1] you can go from
0 0 0 1

vertex 1 to vertex 2, but not from
2 to 1; from 2 to 3, but not from
3 to 2, and so on: once you have
gone from a lower-numbered ver-
tex to a higher-numbered vertex,
there is no going back.
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the corresponding entry is nonzero for m, m + 2, m + 4,... since you can
go from the point of departure to the point of arrival in time m, and then
bounce back and forth between this vertex and one of its neighbors.

Conversely, suppose the entries of A™ are zero or nonzero as described,
and look at the top line of A™, where n is chosen sufficiently large so that
any entry that is ever nonzero is nonzero for A"~ ! or A™. The entries
correspond to pairs of vertices (V7,V;); color in white the vertices V; for
which the (1,4) entry of A™ is zero, and in black those for which the (1,7)
entry of A”*1 is zero. By hypothesis, we have colored all the vertices. It
remains to show that adjacent vertices have different colors. Take a path of
length m from Vi to V;. If Vj is adjacent to V;, then there certainly exists
a path of length m + 1 from V; to V;, namely the previous path, extended
by one to go from V; to V;. Thus V; and V; have opposite colors.

1.2.19
rt 1.0 1 0 1 0 07
11100010
01110001
aB:10111000
' 00011101
100 01 1 10
01 000111
L0 01 01 0 1 14
4 2 2 2 2 2 2 07 r10 10 6 10 6 10 6 67
2 4 2 2 0 2 2 2 10 10 10 6 6 6 10 6
2 2 4 2 2 0 2 2 6 10 10 10 6 6 6 10
2224220233_106101010666
20 2 2 4 2 2 2 6 6 6 10 10 10 6 10
22 02 2 4 2 2 10 6 6 6 10 10 10 6
2 2 2 0 2 2 4 2 6 10 6 6 6 10 10 10
02 2 2 2 2 2 4 L6 6 10 6 10 6 10 104

The diagonal entries of B? correspond to the fact that there are exactly 10
loops of length 3 going from any given vertex back to itself.

1.2.21 a. The proof is the same as with unoriented walks (Proposition
1.2.23): first we state that if B,, is the n x n matrix whose %, jth entry is
the number of walks of length n from V; to V;, then B; = A' = A for the
same reasons as in the proof of Proposition 1.2.23. Here again if we assume
the proposition true for n, we have:
n n
(But1)ig = »_(Bu)ik(Bkg = Y (AN irAr; = (A1) ;.
k=

k=1 1
So A™ = B,, for all n.

b. If the adjacency matrix is upper triangular, then you can only go from
a lower number vertex to a higher number vertex; if it is lower triangular,
you can only go from a higher number vertex to a lower number vertex. If
it is diagonal, you can never go from any vertex to any other.



Solution 1.3.1: The first ques-
tion on one exam at Cornell Uni-
versity was “What is a linear
transformation 7" : R" — R™?”
Several students gave answers like
“A function taking some vector
v € R™ and producing some vector
w e R™.

This is wrong! The student
who gave this answer may have
been thinking of matrix multipli-
cation. But a mapping from R"
to R™ need not be given by matrix
multiplication: consider the map-
ping {x} — {xi} In any case,

y Y
defining a linear transformation by
saying that it is given by matrix
multiplication begs the question,
because it does not explain why
matrix multiplication is linear.

The correct answer was given
by another student in the class:

“A linear transformation
T:R" —R™
is a mapping R™ — R™ such that
for all &,b € R",
T(&+b) = T(&) + T(b),
and for all & € R" and all scalar r,

T(ra) =rT(d).”

Linearity and the approxima-
tion of nonlinear mappings by lin-
ear mappings are key motifs of this
book. You must know the defini-
tion, which gives you a foolproof
way to check whether or not a
given mapping is linear.
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a 1 0

1.2.23 a. Let A= [b 0 1

0 0
} and let B= |1 0|.Then AB=1.
0 1

b. Whatever matrix one multiplies B by on the right, the top left corner
of the resultant matrix will always be 0 when we need it to be 1. So the

matrix B has no right inverse.

c¢. With A and B as in part a, write
I"=I=AB=(AB)" =B"A".

So AT is a right inverse for BT, so BT has infinitely many right inverses.

1.3.1 a. Every linear transformation T : R* — R? is given by a 2x 4 matrix.
1 0 1 2

For example, A = [3 9 1 7

} is a linear transformation 7 : R* — R2.

b. Any row matrix 3 wide will do, for example, [1, —1, 2]; such a matrix

takes a vector in R? and gives a number.

D. R* —» R.

M .25
025
.025
.025
.025
.025
025
025
.025
.025
.025

L .5

1.3.3 A.R* - R? B.R2 - R® C. R* - R?

1.3.5 Multiply the original matrix by the vector v = , putting v

on the right.

1.3.7 It is enough to know what 7' gives when evaluated on the three

17 [o] [o ‘I’ _1 g
standard basis vectors | 0|, | 1|, | 0|. The matrix of T is 9 3 1
0 0 1 1 0 1
1.3.9 No, T is not linear. If it were linear, the matrix would be
2 11 2 7
[T] =11 2 0|,but [T]|-1] =

0 |, which contradicts the defini-
1 1 1 4 5
tion of the transformation.



Solution 1.3.15: With the dot
product, introduced in the next
section, the solution is simpler:
Every entry in the vector AV is
the dot product of Vv with one of
the rows of A. The dot product is
linear with respect to both of its
arguments, so the mapping AV is
also linear with respect to V.

cos(26) sin(26)
sin(20) — cos(26)
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cosf sinf

1.3.11 The rotation matrix is .
—sinf cosf

] . This transformation takes

€1 to { B Zpse] , which is thus the first column of the matrix, by Theorem

in 6
. - cos(90° — 0) = sinf
1.3.4; it takes €; to [sin(90° — 6) = cosf
One could also write this mapping as the rotation matrix of Example

1.3.9, applied to —0:

] , which is the second column.

)8

1.3.13 The expressions a, e, f, and j are not well-defined compositions.
For the others:

b. CoB:R™ — R" (domain R™, codomain R") c. AoC : RF — R™
d. BoAoC :RF — RF g. BoA:R" — RF
h. AcCoB:R™" —-R™ i CoBoA:R"—R"

1.3.15 We need to show that A(V + w) = AV + Aw and A(cV) = cAV.
By Definition 1.2.4,

(Av)i = Z Q5 kVk, (AV_‘})i = Zai7kwk, and

k=1

(A(V + v"&))l = Z a;i k(v +w) = Z a; g (vg + w)
k=1 =1

M:

a; kU + Z a; pwy, = (AV); + (AW);.
1 k=1

E
I

Sumlarly7 Z a; k(cv)y = Z a; xCUE = CZ a; kv = c(AV);.

1.3.17

sin(26) cos(260) — cos(20) sin(20) sin(26)? + cos(26)?

r _ [ cos(26)? + sin(26)?2 cos(20) sin(26) — sin(26) cos(29)]

[y i) =[5 1=

AB+BA _ BA+AB
2 - 2

1.3.19 By commutativity of matrix addition, , SO the
Jordan product is commutative. By non-commutativity of matrix multipli-
cation:

AB;BACjLCm%ﬂ _ ABC+ BAC+CAB+CBA

2 B 1
2 ABC + ACB + BCA+ CBA _ ABCLCB | BCICE 4
4 - 9




So far we have defined only de-
terminants of 2 X 2 and 3 X 3 ma-
trices; in Section 4.8 we will define
the determinant in general.

Solution 1.4.11, part c: Our
answer depended on the vectors
chosen. In general,

det[&, b, & = — det[d, &, bJ;
the result here is true only because

both sides are 0, since V, w are
linearly dependent.

Solutions 1.4.13 and 1.4.15: Of
course, the vectors must be in R®
for the cross product to be defined.
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so the Jordan product is not associative.

1.4.1 a. Numbers: v -w, |[V|, |A], and det A. (If A consists of a single
row, then AV is also a number.)
Vectors: Vv x w and AV (unless A consists of a single row).

b. In the expression V x w, the vectors must each have three entries. In
the expression det A, the matrix A must be square.

1.4.3 To normalize a vector, divide it by its length. This gives:

N I
e D R N B
1 1
_ 1 _ 1
1.4.5 a. 008(9)_1X\/g 8 - 1 = J5. 80

1
6 = arccos (—3) ~ .95532.

b. cos(d)=0,s00=m/2.
. . 0 1
1.4.7 a. det = 1; the inverse is [_1 2]

b. det = 0; no inverse

. . .1 {d -b
c. det = ad; if a,d # 0, thelnversels@{o a}

d. det = 0; no inverse

—6yz 6 —2
1.4.9 a. 3xz b. 7 c. —22
STy —4 3

1.4.11 a. True by Theorem 1.4.5, because w = —2V.

b. False; - (V X W) is a number; |t|(V X W) is a number times a vector,
i.e., a vector.

c. True: since w = —2V, we have det[d, v, w]| = 0 and det[d, w, V] = 0.

d. False, since U is not necessarily (in fact almost surely not) a multiple
of W; the correct statement is |d - w| < |d||w].

e. True. f. True.
[ za a xbe — xbe | 0]
1.413 |xb| x |b| = | —(rac—zac) | = |0
| zc c xab — zab | 0
[a d bf —ce [ [a ec—bf
1415 |b| x |e|=|cd—af| =—|e| x|b|=—|af—cd
| ¢ f ae —bd | f L c bd — ae



Solution 1.4.19, part b: We find
it surprising that the diagonal vec-
tor V,, is almost orthogonal to all
the standard basis vectors when n
is large.

Solution 1.4.23, part a: This
uses the fact that

3 2
122902 .yp2 "
+2 4t =T 4 2
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. . . z 2
1.4.17 a. It is the line of equation [y} . {_1] =2z —y=0.

b. It is the line of equation [5:;] . [_i] =2x—4—4y+12 =0,

which you can rewrite as 2z — 4y + 8 = 0.

1.4.19 a. The length of ¥, is |[V,,| =1+ +1=/n.

1
b. The angle is arccos —, which tends to 7/2 as n — oo.

n
1421 o A= VITTFI=VB  [Bl=vG |8 = VIO
b 14z = |[3 9] = viz < vao-aim
48 = V50 < |Alldl = VBT, |Be = VI3 < |BIfel = V5

ol nd n?2 n
1.4.23 a. The length is [W,| =+v1+4+ - +n2 = ?—i—?—kg.
k
n3 n2 n '
Vs Tz ts
c. In all three cases, the limit is 7/2. Clearly lim,,_ o o = 7/2, since
the cosine tends to 0.

b. The angle a, i is arccos

The limit of ay, ,, is lim,,_,~ arccos = arccos0 = /2.

n
VEtyes
The limit of av, [,/9) is also 7/2, since it is the arccos of

[n/2

n3 n2 n
3 toTs

,  which tends to 0 as n — .

1.4.25

2 2
<\/9C% + x%\/y% + y%) - <1:1y1 + 132?42) = (z291)? + (2192)° — 201223192

= (w192 — m2y1)? > 0,

2
so (x1y1 + x2y2)2 < ( z? + xg\/y% + y%) , SO

|z1y1 + z2y2| < \/xf +x§\/y% + 3.

1.4.27 a. To show that the transformation is linear, we need to show that
Tz(V+w) =T5(V)+ Tz(w) and oT3(V) = Tz(av).
For the first,

For the second,

—

aT3(V) = avV — 2a(8 - V)ad = av — 2(a - aV)d = Tz(aV).



The transformation T is the 3-
dimensional version of the trans-
formation shown in Figure 1.3.4.

Solution 1.5.1: Note that part
c is the same as part a.

Solution 1.5.3, part b: There
is a smallest ¢;, because there are
finitely many of them, and it is
positive. If there were infinitely
many, then there would be a great-
est lower bound, but it could be 0.

Part c: In fact, every closed set
is a countable intersection of open
sets.

Equation 1 uses the familiar
form of the triangle inequality: if
a= Db+ c, then

la| < [b[ + |c|.
Equation 2 uses the variant

jal = [Ib| — [e|-
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b. We have T3(&) = —&, since a-a=a? +b*> + 2 = 1:
Tz(d)=a—2(d-a)da=4a—2a=-4a.
If v is orthogonal to &, then T5(V) = ¥, since in that case & -V = 0. Thus Tj
is reflection in the plane that goes through the origin and is perpendicular
to a.

¢. The matrix of Ty is

1—2a%2 —2ab —2ac
M = [T5(€1),T5(€2),T5(€3)] = —2ab  1—2b%2 —2bc
—2ac —2bc  1—2¢2

Squaring the matrix gives the 3 x 3 identity matrix: if you reflect a vector,
then reflect it again, you are back to where you started.

1.5.1 a. Theset {x € R | 0 < z <1 } is neither open nor closed: the point
1 is in the set, but 1 + € is not for every ¢, showing it isn’t open, and 0 is
not but 0 + € is for every € > 0, showing that the complement is also not
open, so the set is not closed.

d. closed e. closed f. neither

g. Both. That the empty set ¢ is closed is obvious. Showing that it is
open is an “eleven-legged alligator” argument (see Section 0.2). Is it true
that for every point of the empty set, there exists € > 0 such that ... 7 Yes,
because there are no points in the empty set.

b. open c. neither

1.5.3 a. Suppose A;,i € I is some collection (probably infinite) of open
sets. If x € J,c; Ai, then x € A; for some j, and since A; is open, there
exists € > 0 such that B.(x) C A;. But then Bc(x) C [J;¢; Ai-

b. If Ay,..., A;j are open and x € NF_; A;, then there exist €1,..., €, > 0
such that B, (x) C A;, fori =1,...,k. Set € to be the smallest of €1, . . ., €.
Then B.(x) C B, (x) C A;.

c¢. The infinite intersection of open sets (—1/n,1/n), forn =1,2,..., is
not open; as n — oo, —1/n — 0 and 1/n — 0; the set {0} is not open.

1.5.5 a. This set is open. Indeed, if you choose (g) in your set, then

1< +y/224+y2 < /2. Set
r:min{\/xQ—i—yQ—L\/_—\/m2+y2} > 0.

Then the ball of radius r around (Z) is contained in the set, since if (g)

is in that ball, then, by the triangle inequality,

1B e | | R | ESCC

=G0

—r>1 (2)




Many students have found Ex-
ercise 1.5.5 difficult, even though
they also thought it was obvi-
ous, but didn’t know how to say
it. If this applies to you, you
should check carefully where we
used the triangle inequality, and
how. Almost everything concern-
ing inequalities requires the trian-
gle inequality.
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b. The locus zy # 0 is also open. It is the complement of the two axes,
so that if (5) is in the set, then r = min{|z|,|y|} > 0, and the ball B of

radius r around (‘ch) is contained in the set. Indeed, if (g) is B, then
lul = |z +u—2| > |z| — Ju—=x| > |z] —r >0, so u is not 0, and neither is
v, by the same argument.

c. This time our set is the z-axis, and it is closed. We will use the
criterion that a set is closed if the limit of a convergent sequence of elements

of the set is in the set (Proposition 1.5.17). If n — (gj") is a sequence in
n

the set, and converges to (‘58), then all y,, = 0, so yg = limy, 00 Yy = 0,
and the limit is also in the set.

d. The rational numbers are neither open nor closed. Any rational num-
ber z is the limit of the numbers = + /2 /n, which are all irrational, so the
irrationals aren’t closed. Any irrational number is the limit of the finite
decimals used to write it, which are all rational, so the rationals aren’t
closed either.

1.5.7 a. The natural domain is R? minus the union of the two axes; it is
open.

b. The natural domain is that part of R?> where 22 > y (i.e., the area
“outside” the parabola of equation y = x2). It is open since its “fence” x>
belongs to its neighbor.

c. The natural domain of Inlnz is {z|x > 1}, since we must have
Inz > 0. This domain is open.

d. The natural domain of arcsin is [—1,1]. Thus the natural domain of
arcsin mgi_i_yz is R? minus the open disc 22 + 32 < 3. Since this domain is
the complement of an open disc it is closed (and not open, since it isn’t R?
or the empty set).

e. The natural domain is all of R?, which is open.

f. The natural domain is R® minus the union of the three coordinate
planes of equation x = 0, y = 0, z = 0; it is open.

n n

in < Z |x;| by the triangle inequal-
i=1 i=1

ity (Theorem 1.4.9). Because > .~ X; converges, > . ;X; COLVErges as
n — 00. S0 :

1.5.9 For any n > 0 we have

o]
D%
i=1

o0
< Z|Xi"
=1

1.5.11 a. First let us see that

((‘v’e >0)(3N)(n>N) = |a, —a| < @(e)) = (a, converges to a).



