Appendix C

Some technical results

C.1 Lemma used to prove Theorem 4.1.14
Lemma C.1.1. Let || | be a norm on a vector space X over K such that
lla+0|> + ||la —b||> = 2(||a||* + ||b||*)  for all a,b in X (C.1.1)

Define F : X?2 — R by
1
Fla,y) =1 (lo+ 9P = o —yl?) forall (w,y) € X% (C12)

Then for all x,y,z in X and X\ € IC, we have
L. F(z+2,y) = F(z,y) + F(z,9)
2. 8(F(A\a,y) + F(x,2y)) = A+ 12 = ]X = 1) ([lz + y[* — [lz — y[*).

PrOOF. 1. Using (C.1.1), we have 2F(z,y) = ||z + y||*> — ||z|* — ||y/|*>. Thus,
F(z+ z,y) = F(x,y) + F(z,y) if and only if

lz+y + 2l” + |2l + lyll* + 120 = llz + 2]* + llz + ylI* + ll= + y[|*.(C.1.3)
We will prove that (C.1.3) holds. Denote by S the right side of (C.1.3). Then
28 = 2|z + 2|* + 2|z + yl* + 2]}« + y[*

=l +2) + + I + @ +2) = (= + I + 2z + 3]

=2z 4z +yl* + = —yl* + 2]z + ol

=12z + 2 +yl* + @llzl* + 2llyl* - Il + yI*) + 2]z + y]? (C.1.4)
= |22 + 2+ yl* + [z + yl* + 2[l«|* + 2[ly]*

1
5 (ICz+z+y)+ @+y)I” + 122 +2+9) - (+y)*) +2=]* + 2]ly[”

2z +y + 2I* +2]121* + 2ll= ] + 2lly]*-
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